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Abstract 

We study a simple, BCS like, model which describes unconventional superconductivity on the basis of an electron- 
electron attraction corresponding to the delta-shell potential: U{ri2) ~ —gS{ri2 — ro). It predicts a Tc vs. doping 
behavior similar to that characteristic of the High Tc cuprates. 
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The simplest, useful model of superconductivity 
features an attractive pair potential C/^'~"^(ri2) — 
—uS{ri2) and an energy cutoff [1,2]. Although 
the coupling constant u and the frequency lud can 
be chosen to yield a transition temperature Tc ~ 
lOOK it can not be used to discuss the high Tc 
cuprates because it, inevitably, leads to s-, and not 
d-wave pairing [3] . In this note we propose a slight 
modification of the above model and demonstrate 
that it can describe Cooper pairs with any desired 
internal angular momentum, while remaining al- 
most as tractable as the original. Surprisingly, the 
new model implies a rise and fall of Tc with the car- 
rier density n and can fit the well-known, appar- 
ently universal, empirical relation between Tc and 
doping n, characteristic of the high Tc cuprates [6]. 

In a BCS-like theory, for free electrons interact- 
ing with a general attractive pair potential U{ri2), 
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the Hartree-Fock-Gor'kov approximation yields 
a gap equation for A(k) = Eim ^im(fc)^im(fc), 
where llm is a spherical harmonic. At Tc, it is 
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where e(fc) is the normal-state dispersion relation, 
measured from the Fermi energy, and the kernels 
are 



Ki{k',k) 
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Evidently, any interaction that reduces to a nar- 
row peak centred at ri2 — favours s-wave super- 
conductivity (because ji{0) — for all I > 0). This 
is the case of the BCS interaction U^'~^^{r 12) = 
— M(5(ri2), giving A — constant. Thus, to account 
for d-wave pairing, it is natural to assume that, in 
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the cuprates, the peak of f7(ri2) is at some finite 

distance tq from the origin. 

The simplest such interaction is the delta-shell 
potential [4,5], 

C/(ri2) = -5<5(ri2 - ro), (3) 

for which Aim(A:) oc ji{kro). Unlike in the case of 
U^'^^{r 12), for this potential the gap equation con- 
verges without the need to introduce a cutoff. 

A surprising, and interesting feature of this mod- 
ified BCS model is that the interplay between the 
new microscopic length scale, ro, and the Fermi 
wavelength, k^^, leads to a rise and fall of Tc as 
a function of carrier concentration, n, as hp ap- 
proaches a maximum or a node of the gap function, 
Aim (A;), respectively. Experimentally, the critical 
temperature of the cuprates obeys, approximately, 
the following law [6] : 

Tc/T,,max = [1 - 82.6(n - O.Uf] (4) 

where n is the number of holes per copper site in 
the Cu02 planes. For d-wave solutions to the delta- 
shell model, the values of the two parameters in (3) 
that produce the best fit to this law (Fig. 1) are 

ro = 2.2 X rcu-Cu (5) 
5/ro = 0.6x?iV2mV^„_c„ (6) 

Here rcu-Cu is the average distance between su- 
perconducting copper sites, and /2m*r'Q^_Q^ is 
the corresponding localisation energy (m* is the 
effective mass of a hole). Note that this result im- 
plies a relationship between g and ro that is the 
same for all materials from which the phenomeno- 
logical law (4) has been deduced. 

We can now calculate the absolute value of Tc. 
This is Tcmax = 0.08 x ti'^ /2m*rf.^^_^^, which is 
of the right size. For example, for YBCO wc get 
Tc = 186K{me/Tn*), which equals 92K if we take 
m* = 2.0 me. 

To summarise, we can account for d-wavc sym- 
metry, high-Tc and the universal T^. vs. doping law 
in the cuprates if we assume that the attractive 
effective interaction between holes acts at some 
finite distance, ro- Reassuringly, from the point 
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hole concentration per Cu site in the CUO2 planes, p 

Fig. 1. The best fit of the Tc/Tc,max vs. hole doping curve 
predicted by the delta-shell model to the empirical univer- 
sal law. 

of view of the physical content of the model, rg 
works out to be close to the average separation be- 
tween the copper sites of the Cu02 planes. Fur- 
thermore, the strength of the interaction, g, equals 
2.9 X /2m*rQ for all materials. Clearly, finding 
the physical mechanism that gives rise to an at- 
tractive interaction with these features remains an 
outstanding challenge. 
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